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Introduction 
A commutative noetherian reduced ring A is said to be seminormal (SN) [resp. 
quasinormal (QN)] if its integral closure is a finite A-module and the canonical 
homomorphism of the Picard groups Pic A -, Pic A [T] [resp. Pic A -, Pic A [ T, T-1 ]] 
is an isomorphism. 
In what follows, A is a reduced, 1-dimensional noetherian ring with integral 
closure ,], a finite A-module. 
We define v(A)= h0(.4/c)- ho(A/c)-  ho(A)+ ho(A), where ¢ is the conductor of 
A in A and ho(A) denotes the number of the connected components of Spec(A). 
Bass and Murty proved in [2] the following 
Theorem 1. (a) P icA[T]=P icA~X;  X=0 if and only i f  ~/c=¢. 
(b) PicA[T, T -l ] - --PicA~)X~ Y and Y is a free abelian group whose rank is 
v(A). 
As a consequence of Theorem 1 we have: 
Theorem 2. A is QN i f  and only i f  A is SN and v(A)= O. 
In Section 1, by using combinatorial methods, we give a geometric interpretation 
of v(A). This allows a geometric description of a quasinormal ring of dimension 1. 
Thus we get an affirmative answer to a problem posed by Greco in [5]. 
In Section 2, we study relations between the numbers v(A) and v(B), where B is 
a finite &ale A-algebra. We show that quasinormality is not so well behaved as 
seminormality. 
Let lal, .--,Pn be the minimal primes of A. Let Ai=a/~i  and assume dimAi= 1 
for every i= 1, ..., n. The affine curves  Xi=Spec(ai)  , for i= 1, ...,n, axe the ir- 
reducible components of the curve X= Spec(A). 
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n ~ n .~= Spec(A) is the normalization of X; we have X= Hi= ~-~i, s ince / ] -  (~i=1 Ai. 
Let P1,-.., Pm be the singular points of X and let xl , . . . ,  xM be the branches of 
X (x~X" is a branch of X over P if xe¢- l (P ) ,  where ¢ : X ' - ,X is the canonical 
morphism and P is a singular point of X). 
We have n = h0(/]), m = ho(A/c) and M= h0(.d/¢). 
1. Incidence cycles of  a curve 
In this section, we give a geometric interpretation of the number v(A), by using 
combinatorial methods concerning raph theory. Similar methods are also applied 
by Roberts in [11] and [12] to calculate the Picard group of a class of curves. 
We associated to the curve X=Spec(A) the matrices ]/=(flu)eZ2 Mxm and 3,= 
(yu)eZ2 Mxn, where flu is 1 if ¢~(xi)=Pj and 0 otherwise, 3,ij is 1 if xief( j  and 0 
otherwise. 
We say that a=(fl,  y) is the matrix associated to X (or to A). 
Proposition 1.1. Let a be the matrix associated to the curve X, let O(a) be the rank 
o f  the matrix a, we have O(a)< m + n. I f  the curve X is connected, then O(a)= 
re+n-1 .  
Proof. Every row of the matrix a=(B, y) contains two l's, one in fl and one in y. 
Then the sum of columns of/~ equals the sum of the columns of 3, and we have 
O(a) < m + n. If X is connected it is easily shown that the above column relation is 
the only one, up to scalar factors. 
We associated to the curve X=Spec(A) the graph F whose vertices are 
PI, . . . ,  Pro, X1, ..., Xn and whose edges represent the M branches of X in this way: 
if Xr is a branch over Pi and Xr ¢ ~j  we construct an edge by joining Pi and Xj. 
Observe that several edges may join two vertices. 
The graph F just constructed is said to be the graph associated to X (or to A). 
Let t~ be the matrix and let F be the graph associated to X, then a is the incidence 
matrix of the graph F. 
It is known that (see e.g. [3]): 
(a) The number v(F) of independent cycles of the graph F is equal to the number 
of the edges of F minus the rank of the matrix a. 
(b) The rank of a is equal to the number of the edges of F minus the number of 
the connected components of F. 
One can prove the following 
Proposition 1.2. Let F be the graph associated to the curve X= Spec(A). I f  X is con- 
nected, then also the graph F is connected and we have v(F)= M-m-  n + 1. 
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Then we can conclude that v(A) coincides with the number of independent cycles 
of the graph F associated to the curve X= Spec(A). 
Theorem 1.3. Let F be the graph associated to the curve X. F contains cycles if and 
only i f  X satisfies one of  the following conditions: 
(a) An irreducible component of  X is not locally unibranche. 
(b) Two irreducible components of  X meet in more then one point. 
(c) X contains polygons. 
Proof. An 'elementary' cycle of the graph F is a cycle of one of the following types 
Xl x~ x2 
0 M 
Pl PI P2 
(1) (2) 
x~ x2 x3 x~ x2 x3 x4 
PI P2 P3 P1 P2 P3 P4 
(3) (4) 
The cycle X1PIX1 of the case (1) represents two distinct branches belonging to 
X1 and lying over the same singular point Pl,  therefore X1 is not locally uni- 
branche. 
The cycle XIP  1X2P2X 1 of the case (2) represents wo distinct points belonging to 
the intersection of two irreducible components of X. 
If r >_ 3, the cycle XIPI.." XrPrX  1 represents a polygon of X with r vertices. 
The following corollary gives and affirmative answer to a problem posed by 
Greco in [5, 4.12]. 
Corollary 1.4. A is QN i f  and only if  A is SN and the following conditions are 
satisfied: 
(i) All irreducible components of  X=Spec(A) are locally unibranche. 
(ii) Two distinct irreducible components o f  X meet in at most one point. 
(iii) X does not contain polygons. 
Proof. A is QN if and only if A is SN and v(A) = 0. Moreover v(A) = v(F), where 
F is the graph associated to A, then the conclusion follows from Theorem 1.3. 
Definition 1.5. Any cycle of the graph F associated to X= Spec(A) is said to be an 
incidence cycle of X (or of A) 
Then an incidence cycle of X is a composition of cycles of the types (1), (2), (3), ... 
described above. Thus v(A) represents the number of the independent incidence 
cycles of A. 
We can restate Theorem 2 in the following way: "A is QN if and only if A is SN 
and A has no incidence cycle". 
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If A is an integral domain, A has no incidence cycle if and only if A is locally 
unibranche. Therefore we also get the following: " I f  A is an integral domain, A is 
QN if and only if A is SN and locally unibranche" (see [5]). 
Now we recall the following results about seminormality (see e.g. [6]): 
(i) If A is SN, then As is SN for every multiplicative subset S of A. 
(ii) A is SN if and only if A m is SN for every maximal ideal m of A. 
(iii) If A is SN, any intermediate ring A CBC.~ is SN. 
We will see that (i) and (iii) also hold for quasinormality, but (ii) may not. 
Proposition 1.6. (a) Let S be a multiplicative subset of A, then we have 
v(As)<_v(A). 
(b) A i is locally unibranche for every i= 1, ..., n if and only if v(Am)= 0 for every 
maximal ideal m of A. 
Proof. (a) Since (As)=-~s and cAs is the conductor of A s in A s, where c is the 
conductor of A in 4 ,  the graph FAs associated to A s is a subgraph of the graph FA 
associated to A. 
(b) There is maximal ideal m of A such that v(Am) #= 0 if and only if there is an 
irreducible component Xi=Spec(Ai) of X=Spec(A) with two distinct branches 
lying over a singular point P of Xi. 
Corollary 1.7. (a) Let S be a multiplicative subset of  A. I f  A is QN, then A s is QN. 
(b) A is SN and Ai is locally unibranche for every i= 1, ...,n if and only if A m is 
QN for every maximal ideal m of A. 
Notice that the ring A =C[X, Y ] / (Y -  1) (Y -X  2) is not QN, but A m is QN for 
every maximal ideal m of A. 
If A is an integral domain, then A is QN if and only if A m is QN for every maxi- 
mal ideal m of A (see [5]). 
Proposition 1.8. Let B be a subring of A containing A, then we have v(B) < v(A). 
Proof. If the maximal ideals ~0~l,..., ~[rtr of B, the minimal prime ideals ~ l , - " ,~r  
of B and the maximal ideals All,..., M2r of/~ = A form an elementary cycle of the 
graph FB associated to B, then ~[I~1NA,..., ~r NA, ~1NA, ..., ~r NA, M1, ..., M2r 
form a cycle of the graph F a associated to A. 
Corollary 1.9. (a) I f  A is Qn, then any intermediate ring A cBc .4  is QN. 
(b) I f  v(A)= O, then the seminormalization f A is QN. 
2. Etale coverings and incidence cycles 
We recall the following results (see [6]). 
A geometric interpretation of one-dimensional QN rings 81 
(a) Let f :  A ~B be a faithfully flat homomorphism. If B is SN, then A is SN. 
(b) Let f :  A~B be an 6tale homomorphism. If A is SN, then B is SN. 
Let A and B be (1-dimensional) integral domains and let f :  A~B be a faithfully 
flat homomorphism. If B is QN, then A is QN (see [5, 4.10]). 
If B is not an integral domain, the above assertion is false. Indeed let 
A =C[X, Y ] / (y2 -x2(x -1 ) )  be the coordinate ring of the cubic node in/A 2 and 
let m be the maximal ideal of A corresponding to the singular point 0. Let .4 m be 
the completion of the local ring Am. Then the canonical homomorphism 
f :  A m "-*Am is a faithfully flat homomorphism, .4 m is QN, A m is SN but it is not 
locally unibranche, hence A m is not QN. 
Quasinormality is not preserved by 6tale extensions. The ring A = ~[X, Y]fx, Y) / 
(X2+ y2) is QN, but there exists a local finite 6tale A-algebra B which is SN but 
not QN (see [5, 4.13]). 
From now on the ring A will be assumed to be a finitely generated k-algebra, 
where k is an algebraically closed field. 
In this section we study the incidence cycles of a finite 6tale A-algebra B, and 
therefoe the incidence cycles of an 6tale covering of X= Spec(A). 
We simply say that a homomorphism f :  A~B is an 6tale covering (of A) if the 
induced morphism F:  Spec(B)~Spec(A) is an 6tale covering (of Spec(A)). 
Proposition 2.1. Let f :  A~B be an dtale covering. Then we have v(B)>_v(A). 
Proof. We may assume that A and B are connected. Let q be the degree of f .  Since 
the ground field k is algebraically closed, any fiber of the morphism F:  Spec(B)~ 
Spec(A) at a closed point consists of q points. Since f is an 6tale homomorphism, 
we have cAB = ¢B and B = B®A A, where cA and ¢B denote the conductor of A in 
and of B in B respectively. The induced homomorphisms A/cA~B/¢B, .4~B, 
A/¢A~/~/¢B are 6tale coverings of degree q. Then ho(B/cB)=qho(A/cA), 
ho(B/¢B) =qho(A/cA) and ho(B)<qho(.4). It follows that v(B)- 1 >_q(v(A)- 1) and 
we are done. 
The following example shows that the case v(B)> v(A) can occur. 
Example 2.2. Let C=C[X, Y] / (Y2 -X3+X)  be the coordinate ring of the non 
singular cubic curve of A~, let m be a maximal ideal of C. Put A '= C~C; 
ml =m~C and m2=C~m are maximal ideals of A'. Let A be the ring obtained 
from A' by glueing m~ with m2 (see [9]). A is a connected ring, A' is the integral 
closure of A, A has no incidence cycles. There exists an ~tale covering h : C ~E of 
degree 2, with E a connected ring (see [10]). Let ~0~' and ~"  be the two maximal 
ideals of E lying over m. Put B '= E~E,  let B the ring obtained from B' by glueing 
~ '~E with EO~0~' and ~"~E with E~" .  The ~tale covering h induces an 6tale 
covering f :  A~B of degree 2 (see [14]). B is a connected ring and it has an incidence 
cycle. We have v(A) = 0 and v(B) = 1. Notice that A is QN, whereas B is SN but not 
QN. 
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The above example shows that quasinormality is not preserved by 6tale exten- 
sions, not even for finitely generated k-algebras, with k algebraically closed. 
If the irreducible components of the curve X= Spec(A) are rational curves and if 
X has no incidence cycles, then any 6tale covering of X has no incidence cycles, but 
in this case it is a trivial covering. 
Proposition 2.3. Suppose that all irreducible components o f  Spec(A) are rational 
curves. Let f :  A~B be an dtale covering, with B a connected ring. Let q be the 
degree o f f .  Then v(B)-  1 = q(v(A)-  1). 
Proof. We have ho(B)= qho(A). In fact let ~ be a minimal prime ideal of A, we 
have q = dim~, B®~.4~. A~ is the residue field of ~ at ~, it is isomorphic to the 
quotient field of A/¢~3, which is k(T) by assumption. We have B®A A~-- (~=l B~j, 
where {~z,.-., ~r} is the set of the minimal prime ideals of B lying over ~. Since 
f is an  6tale homomorphism, B~j is a separable finite extension of .4 =k(T). 
Hence we have B~=k(T)  for all i= l , . . . , r ,  because k(T) has not a proper 
separable finite extension (see [7]). It follows that r=q and then ho(B)=qh0(A). 
By using the same methods of the proof of Proposition 2.1, the conclusion follows. 
Corollary 2.4. Suppose that all irreducible components o f  Spec(A) are rational 
curves. Let f :  A~B be an dtale covering. I f  v(A) = O, then v(B) = 0 and B is a trivial 
covering. 
Proof. We may suppose that A and B are connected. Let q be the degree of f. We 
have v(B) - 1 = q(v(A ) - 1); v(A ) = 0 implies v(B) = 1 - q, which is non-negative, then 
q=l .  
In Proposition 2.3 and in Corollary 2.4, the assumption that the ground field k 
is algebraically closed cannot be omitted, as the following example shows. 
Put A = •[T2+ l, T(T2+ 1)]. B=C[T2+ 1, T(T2+ 1)] is a finite &ale a-algebra. 
We have A = ~[T], the conductor cA is a maximal ideal in A and in / ] ,  hence 
v(A) = 0. We have/~ = C[T] and the conductor ¢~ is a maximal ideal in B, but it is 
the product of two maximal ideals in B, hence v(B)= 1. 
Corollary 2.5. Let f :  A ~B be an dtale covering. 
(a) I f  B is QN, then A is QN. 
(b) I f  the irreducible components of  Spec(A) are rational curves, then A is QN 
i f  and only i f  B is QN. In this case B is a trivial covering. 
Proof. The homomorphism f is faithfully fiat. Then A is SN if and only if B is SN. 
The conclusion follows from Proposition 2.1 and Corollary 2.4. 
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